Lecture 2. Linear systems ond  watrices

Def () A woatrix is a rectongulor array of numbers .

(2) For o wafrix with m rows ond n columns, its size is mxn.
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Note A lineor system con be represented by o watrix with coefficients

and  constont terms os entries
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% The size of the wotrix is given os follows
v number of rows = number of ecbuaﬁoms

« number of columns = number of variables +7IF

column for constant terms



D_e@_ A watrix is in veduced row echelon form (RREF) it hos the

\co“owmg properties :
(1) Al nonzero rows are above any 2ero rows.
(i) The \eac\mg nonzero entry in eoch row is 1.

(i) Each \eadmg 1 is the omlnj nonzero evﬁrg n its column.

(iv) Eoch leading 1 is to the MSH of the leading 1 in the row

obove it.
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Thm Every matrix A can be simplified fo a um%ue reduced row echelon

form, denoted by RREF(A), fhrough o sequence of the Tollowing
operations :

v adding to one row a multiple of another row

v interchanging two rows

v wmultiplying one row by a wonzero constant

Note (1) These operations are called elementary row operations .

(2) We can solve o linear system by simplifying its matrix to

on RREF.



Ex Find the solution of the linear system

X, —23x%,= 8 (an, 1)
2%+ 3%, +9X%: = 10 (E%. 2)
Xt 2Xs= | (an. 3]

Sol 1 (Algebra)
We first aim to get o system which does not involve .
= 2)-2(Eg. 1)+ (201 3%t %) ~2(X = 3%s) =10~ 28
=) 2+ Bt A%~ 2K T 6Xa =6 [ X eliminated |
= 3t 15X =6 [Eq 2R
[Eg.2R) and [Eg. 3] depend on 2 variables © %2 and X

We can solve them using the idea from Lecture |.

%(an. 2R} (3Kt 15%) =L(6) =) Xt 5%=2 [Eg 2RR]

/,\
coetficients |

[Eq 3=[Eq 2RR) * [Xat 26)~(¥a¥5%) =1-(2)
= %+ 2% — ¥~ 5% =3 [ X eliminated |
= A% =3 = X3 = -

[Eq 2RR}: ¥ ¥5X:=2/=) Xt 5. =2=) =3

(g 1): X=3%=8= X~3 (== x=5

Hence the solution is giveﬂ b‘j Xi=5,%X=3%, Xa:j




2 (Matrices]

We represent the system by o motrix and simplity it to an RREF.
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Row 1+3Row 3:[1 038 |+3[00 1 -1]=[1 00 5]
Row 2-5Row 2: [0 1 5 2]-5[00 I -1]=[0 1 0 3]
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The final wmatrix 5ie|cls the  solution =5, %=3%, 3= -I




Ex Find the solufion of the linear system
Xi= 2%t 3% =4
2Xi =Xt K= 3
X —4X— X3= 2

Sol We represent the system by o watrix ond simplity it fo an RREF.

D23 4
231 3
3-4-1 2

Row 2-2Row 1: [23 1 3]-2[1 2 3 4]=[0 1 -5-5]

Row 3-3Row 1 [3-4-12]-3[1-234]=[02-10-10]
D2 3 4

—|0D®-5 -5
02 -0 -0

Row 1+2Row 2: [ 1 2 3 4]+2[0 I -5-5]=[1 0-F-6]

Row 3—2Row 2: [0 2-10-10]-2[0 | 5-5]=[0 0 0 O]
@o F -6
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The finol matrix yields the ecbuaﬁons

X :7‘X3_6
X2=5X3—5

i Xi —7X3:‘6
Xo—B5X3=-§

Xs con toke any value +

— (X =Ft—6, %=5t-5, Xa=t with t arbitrary

Note X is colled o free varicble for being free 1o +toke any volue

A free varioble corresponds to a column without a \eaclmg 1.



